An antipode formula for the natural Hopf algebra of a set operad. 
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Abstract 

A set-operad is a monoid in the category of combinatorial species with respect to the 
operation of substitution. From a set-operad, we give here a simple construction of a Hopf 
algebra that we call the natural Hopf algebra of the operad. We obtain a combinatorial 
formula for its antipode in terms of Shroder trees, generalizing the Hayman-Schmitt formula 
for the Faa di Bruno Hopf algebra. From there we derive more readable formulas for specific 
operads. The classical Lagrange inversion formula is obtained in this way from the set-operad 
of pointed sets. We also derive antipodes formulas for the natural Hopf algebra corresponding 
to the operads of connected graphs, the NAP operad, and for its generalization, the set- 
operad of trees enriched with a monoid. When the set operad is left cancellative, we can 
construct a family of posets. The natural Hopf algebra is then obtained as an incidence 
reduced Hopf algebra, by taking a suitable equivalence relation over the intervals of that 
family of posets. We also present a simple combinatorial construction of an epimorphism 
from the natural Hopf algebra corresponding to the NAP operad, to the Connes and Kreimer 
Hopf algebra. 

Keywords: Hopf algebras, posets, operads, species. 



1 Introduction 

Assembling and disassembling combinatorial structures was stated by Joni and Rota [TT| to be 
the paradigm for defining products and coproducts in combinatorial bialgebras. Set operads are 
families of combinatorial structures where this paradigm can be completely fulfilled. 

The operation of substitution of species formalizes the notion, present in many combinatorial 
constructions, of placing combinatorial objects 'inside' other combinatorial objects. Hence, 
the intuitive and informal description of a combinatorial species as a family of combinatorial 
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structures that is closed by relabelling could be extended to describe a set operad. For this end it 
is appropriate to think of a set operad M as a such family together with a self reproducing recipe 
r] : M{M) —?■ M that assembles a set of structures (pieces) using an external structure (pattern) 
in order to obtain a bigger one. This recipe satisfies axioms of associativity and existence of 
identity. 

When the operad also satisfies the left cancellation law, the relation obtained by splitting 
sets of structures (assemblies) into smaller ones by the use of is a partial order. A set operad 
satisfying a left cancellation law is called a cancellative operad (c-operad). 

The construction of families of partially ordered sets from c-operads and the natural incidence 
Hopf algebras associated to those families were introduced in [15] (see also [171 EOj [Ml E], for 
the construction of posets from c-operads, and [4J for a similar (independent) construction of 
incidence Hopf algebras from operads). The intervals of these posets form an hereditary family 
in the sense of Schmitt |18) , and any Hopf relation on them gives rise to a reduced incidence Hopf 
algebra. The natural relation ~ gives rise to A/jv/, the natural reduced incidence Hopf algebra, 
and the coarser isomorphism relation = to the standard reduced incidence Hopf algebra Hm [1] • 
The present approach gives at once an epimorhism from Mm to Hm- Since in [4] the standard 
reduced incidence Hopf algebra associated to the NAP operad was proved to be isomorphic to 
the Connes and Kreimer Hopf algebra, we obtain an epimorphism 7V^ "Hck ■ We give here a 
direct explicit combinatorial construction of it. 

However, the requirement of the operad to be cancellative is not essential for the definition 
of the natural Hopf algebra. A similar general definition of Hopf algebras from algebraic (non- 
symmetric) cooperads was given in |21] . See also [4J for an equivalent one as the Hopf algebra 
of functions of a group of formal series associated to the operad. In this article we give a 
simple construction of the natural Hopf algebra from an arbitrary set operad, and a general 
combinatorial antipode formula based on signed enriched Schroder trees |19j . Although not 
stated precisely in these terms, our definition of the natural Hopf algebra actually rests in the 
cooperad structure of the dual M* . This can be done since, as (vector) species with distinguished 
basis, M* and M are isomorphic. For reasons of simplicity, in this article we state the definition 
of coproduct in the natural coalgebra without the use of the notion of cooperad. In a forthcoming 
paper, we shall extend the results presented here to more general cooperads. 

It is worth mentioning that the device of Schroder trees in our antipode formula is the same 
as in the bar and cobar constructions for the definition of Koszulness for quadratic operads (see 
[9l|8l[ll]). For sure not a coincidence, it remains an intriguing fact as yet to be fully understood. 

Using the technique of coloring the internal nodes of the Shroder trees with its depth and 
other bijections, we obtain for each of the examples studied here, particular and more readable 
forms of our general antipode formula. All these examples of operads and Hopf algebras were 
already introduced in [15J and the present article closes questions unanswered for more than 
twenty years. 

2 Set operads and set monoids 

Recall that a (combinatorial) species is a functor from the category of finite sets and bijections 
B, to the category F of finite sets and arbitrary functions |12l[2]. The combinatorial species with 
the natural transformation as morphisms, form a category. We will say that M = if M and 
N are isomorphic species. 
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An element mu € M[f7] is called an M-structure over the set of labels U. Two M- 
structures mu and m'y are said to be isomorphic if there exists a bijection f : U ^ V such 

that M[f]mij = my. The bijection / is called an isomorphism mu — > m'y. The isomorphism 
types of M-structures are usually also called unlabelled M-structures. We denote by T(M) the 
set of isomorphism types of M-structures. For an M-structure m, TM{m) = T{m) £ T(M) 
denotes the isomorphism type of m. 

A species sending the empty set to the empty set is called positive. A positive species sending 
singleton sets to singleton sets is called a delta species. For a species M, M_|_ will denote the 
positive species from M 

jM[U] if [7^0 
1 otherwise. 

More generally, for a positive integer k, M).+ denotes the species 



M+[U] 



M[U] if \U\ > k 
otherwise. 



Given two species M and N, the operations of product and substitution are defined respectively 

by 

M.N[U] = Yl ^^[^i] ^ ^[^2] (1) 
Ui+U2=U 

and 

M{N)[U]= H H N[B] X M[7r], (2) 
nen[u] Beir 

where n[?7] is the set of set partitions of the finite set U, and N is assumed to be positive in 
the definition of substitution. The elements of M{N)[U] are pairs of the form (a, m^), where 
o = {^bIB € tt}, an assembly of A^-structures, is an element of n_Be7r^[-^]' ^'tt 
element of M[7r]. The set partition tt is called the partition subjacent to the assembly a. The 
species 

1[C/1 = If > = « (3) 
I otherwise, 

is the identity with respect to the product l.M = M.l = M. The singleton species: 

, , fc/ if |[/| = 1 
I (/) otherwise, 

is the identity for the operation of substitution, M{X) = X(M) = M, M being a positive 
species. The class of species with the product is a monoidal category. A monoid in this category 
will be called a set monoid, or shorter: a monoid. A set monoid is then a species A^ together 
with two morphisms: the identity l : 1 —?■ N and an associative product i' : A^.A — > A. We 
assume here that the M[0] is a unitary set, and hence the morphism l is trivially defined. The 
species E of sets has a natural monoidal structure rj : E.E — >■ E sending a pair (C/i, U2) to the 
union Ui + U2. The species L of linear orders has a natural monoidal structure rj : L.L — >■ L 
being the concatenation of linear orders. See [1] for theoretical developments and interesting 
examples of the more general structure of Hopf monoids in species. 
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The class of positive species with the operation of substitution and X as identity is a monoidal 
category. A monoid in this category wiU be called a set operad. 

A set operad is then a positive species plus two morphisms rj : M{M) M, e : X ^ M, 
77 being and associative 'product' and e 'choosing' the identity in M[{7] for each unitary set U. 
In this article we only consider augmented operads, i.e., those whose subjacent species is delta. 
For a connected operad the identity e is trivially defined and we will only specify the product ry. 

Recall that the derivative M' and the pointing M* of a species M are defined respectively 
by M'[U] = M[U l±) {*}] and M'[U] = U x M[U]. The relation between both operations is the 
following: Af = X.M'. 

There is a very interesting connection between operads and monoids, the derivative is a 
functorial operation that sends operads into monoids. Let (Af , rj) be an operad. By the chain 
rule we have 

7]' : M(M)' = M'{M).M' M' . 

Let i : M' = M'{X) ^ M'{M) be the inmersion i = Im'{&)- The reader can check that the 
natural transformation = 77'oi is an associative product u : M' .M' — )■ M' , and hence (M', u) is 
a monoid. For example, the derivative of the operad E^^- (Example [T]) is the monoid E of above. 

3 The Natural Hopf algebra 

Let K be a field of characteristic zero and K[tQ,|a G T(M)] the free commutative K-algebra gen- 
erated by indeterminates that are in correspondence with the isomophism types of the structures 
of an operad M. 

The purpose of this section is to construct a coalgebra structure compatible with the algebra 
structure of ]fC[ta|Q! G Tr(M)], M being a set operad. For that end, for an assembly of M- 
structures a = {mB}B£n, let us denote by t^^^a) the monomial n_Be7r iT{mB)- -^o^ indeterminate 
ta, ot ^ T(M), we define 

^(^a) = X] ^T{a)®tT{m'^), (5) 
ri{a,m'^)=m 

where m is some M-structure of type a. By equivariance, the definition in equation ^ is 
independent of the selection of the representative m. 

Extending A multiplicatively to ]K[tQ,|a € T(M)], we obtain a coproduct 

A : W[tc\a G T(M)] ^ K[t^\a G T(M)] ]K[t„|a G T(Af)], (6) 

the coassociativity of A follows from the associativity of the operad product r/. We denote 
the type of the singleton element of Af[l] by a singleton unlabelled node •. The multiplicative 
functional 

{t ) — \ '^^ ^ ~ * (7) 

1 otherwise 

is a counity because of the properties of e as unity of the operad. They form a bialgebra that we 
call the natural bialgebra, and denote by Mm- Identifying t, with 1, the unity of the algebra. Mm 
becomes a Hopf algebra. As an algebra Mm is equal to K[ta : a G T(Af2+)]- A/^/ is obviously 
commutative but in general not co-commutative. 
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Figure 1: Products of 



3.1 Examples 



Example 1. Let -E be the uniform species defined as E[U] — {U} for every finite set U. 
is an operad, tju : E-^-{E^)[U] —?■ being the morpliism sending (vr, {vr}) to {U}. the 

hnearization of £'+ is the Comm operad. The isomorphism types can be identified with the 
positive integers, and the natural Hopf algebra AFe^ = K[ti,t2,ts, . . .], ti = 1, is the Faa di 
Bruno Hopf algebra, 



7ren[n] Ben 



k 



E 

il+2j2+3j3 + - 

. ii+i2+---=. 



n! 



l!-?iji!2!-?2j2!3!-?3j3! . . . 
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Example 2. Let E* be the species of pointed sets. The elements of E'\U] are the pairs {U,v), 
where v is the distinguished element of U. The pointed set (U, v) can be though of as a small 
tree (or corolla). We describe the operad structure of E*. An element of E*{E*)[U] is a pair 
(a, (tt, -Bq)) where the assemmbly a = {{B, vb) | -B € tt} is a pointed partition (a partition where 
each block is a pointed set) and Bq is the distinguished block of the partition tt We define the 
product 

?7(a, (7r,5o)) = (C/,fo), 

where vq is defined to be vb^, the distinguished element of the distinguished block Bq. The 
isomorphism types can be identified also with the positive integers, the subjacent algebra is also 
If^[i2, ia, • • • ]• Its coproduct A^;. is obtained as follows 

nAE'{tn) = J2 J2 *T{a) trim') (§) 

m,£E*[n] rj(a,m')=m 

n 

= Yl Yl H t\B\<^ktk (9) 

fc=l7re7fc(£;*)[n] (S,6)G7r 
n 

= ^S„,fe(0,2i2,3t3,...)®^*fe- (10) 

k=l 

Me' is isomorphic to the Faa di Bruno Hopf algebra, making the change t„ ntn- 
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Figure 2: Product of the operad si and corresponding bicoloring. 



Example 3. Let be the species of simple, connected graphs, is a set operad. For 
i{gB}Ben,g'n) ^ ^c(^c)[f^], viidB} Ben , 9^) IS the graph g constructed with vertices in U as 
follows. Keep all the edges of the graphs in the assembly, and for each edge {B, B'} of the 
external graph g' , connect all the vertices in B with all the vertices in B'. In other words, {x, y} 
is an edge in g if one of the following two conditions is satisfied: 

1. {x,y} is an edge in gs, for some block B oi it, 

2. There exist an edge {B, B'} of g' , B, B' € vr, such that x & B and y G B'. 

The Hopf algebra 7V^^ is freely generated by the unlabelled simple and connected graphs. As an 
example of the coproduct we have 



See Fig. [T] for the products used to compute the coproduct in Eq. ([TT]) . By considering the 
complete graphs, the Faa Di Bruno Hopf algebra is contained in 7V^^. 

Example 4. Let £/ be the species of rooted trees. The operad structure on is defined as 
follows. For a pair {a,T^) € £/{£/)[U], a = {Tb}b€tt a forest, and a tree with vertices in the 
partition tt, the tree T = ri{a, T^) will have all the edges in a plus a few more defined as follows: 
for every pair of trees Tg and Tb' such that {B,B'} is an edge of T^, insert an edge between 
the roots of Tb and Tg/ . The root of T will be the root of the tree in a whose associate block 
is the root of (see fig. [2]). The linearization of it is the NAP operad ([l3]). The factorization 
of a tree T can be codified as a bicoloring b of the edges of T in the colors 1 and 2 (see Fig. [2]). 
The edges in T coming from the external tree are colored 1, the edges coming from the internal 
ones are colored 2. Denote by ab{2) the assembly of internal trees (colored 2) and by Tfe(l) the 




+ 1 



(11) 
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sub-rooted tree of T induced by the edges of color 1. Then, the coproduct of A/"^ can be written 
as 

A(ir(r)) = Yl *^K(2)) ® Unw) (12) 

b 

The sum of above is over ah the bicolorations b of edges of T such that edges colored 1 induce 
a subrooted tree of T (that may be empty). For example, we have the coproduct 

A{t^ ) = l(g)t^ + tj +tj 0tj + tj (^tj (^ij ,^1^ 

according with the bicolorings 

Iw!^ . 

Example 5. We generalize now the operad £/. Let be an arbitrary species. The species 
has as elements A^-enriched rooted trees. An enriched rooted tree T/v € £/]\[[U] is of the form 
(T, {n„}ug(/), where T € =e/[C/] is a rooted tree and is an A'"-structure on the fiber (set of 
descendants) of the vertex u. As a species .s/n is uniquely defined by the implicit equation 

S^N = X.N{£^n)- (13) 

An element [a^T^) in =g^(j2^^)[?7] is of the form 

(a,T;v) = {{{TB,{nu}ueB) \ B G vr}, (T,, {n'^jBe.)) (14) 

If {N,i>) is a monoid, we define the product r]i, : £^n{^n) ^N-, "nui^jTjy) = (T2, {n'^}u(=u), 
where T2 is the product T2 = r]{{TB}Ben,TTr), f] as defined in the Example HI The fibers of T2 
are enriched by setting 

// I i^{nu, n'r^) if u is the root of some tree Tb 
n„ = < (15) 
I TT-u otherwise. 

See Fig. El 

= ^ and s^i^ is the operad of plannar rooted trees. Since for any positive species M, 
L{M) and E{M) are respectively the free and commutatively free monoids generated by M, 
TV^/^^j^j and A/'^^jj^j give us a large class of Hopf algebras. For the Hopf algebra N^j^ of planar 
trees, we have the coproducts 

The construction at the end of section 2 is also a source of Hopf algebras associated to 
enriched trees, since for each operad M we have an operad £^m'- We can also associate to a 
monoid A^ an infinite sequence of Hopf algebras of this form, because we have 

A^ monoid ^/at operad (=24/)' monoid =^ ^(si^m)' operad (i/(_(^^y)' monoid =>.... 
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Figure 3: Product of the operad .s^^ 



Example 6. Let 'S* be the species of simple, connected pointed graphs, i.e., graphs with 
a distinguished vertex. The elements of ^* are pairs {g,v), where g is a simple and con- 
nected graph g G ^c[^]> and v £ B is its distinguished vertex. 5^* is a set operad. For 
{{{gB,VB)}B€n,{g',r:Bo)) G v{{{9B,VB)}B&n,{gn,Bo)) is the pointed graph {g,vo) 

constructed with vertices in U as follows. Keep all the edges of the graphs in the assembly, and 
for each edge {B,B'} of the external graph g'^, connect the respective distinguished vertices vb 
in B and vb' in B' . In other words, {x,y} is an edge in g if one of the following two conditions 
is satisfied: 

1. {x, y} is an edge in gB, for some block B of tt, 

2. There exist an edge {B,B'} of g'^, B,B' G vr, such that x = vb and y = v'^, the distin- 
guished vertices of the respective graphs gB and gB'- 

Finally, we chose vbq, the distinguished vertex of gB^, to be the distinguished vertex vq of g. 
The Hopf algebra J\fj2/ is clearly contained in A/^« As an example we compute the coproduct of 
the bow tie graph (see Fig. [J] for corresponding products). 

4 The general antipode formula 

In this subsection we present an antipode formula for A/^,/ , which is a natural generalization of 
the antipode formula of Haiman and Schmitt [10]. We begin by introducing some terminology 
about enriched Schroder trees as presented in [16]. We denote by T the species of Schroder 
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Figure 4: Example of products in ^* 



trees, or generalized commutative parenthesizations. It satisfies the implicit equation. 

= X + E2+{F) (16) 

The structures of J-\U] are trees whose internal vertices are unlabelled and whose leaves has 
as labels the elements of U . 

For a tree T G denote by Iv(T) the set of the internal vertices of T. For an internal 

vertex f , we denote by Tv the subtree of T that has root v and vertices all the descendants of v 
in T. Let Uy be the set of leaves of Tv This allows us to identify the vertex v with Uy, we shall 
use the set Uy as a label for the vertex v. 

Let {fi, f2, t^fc} be the set of sons of v. Each of them is either an internal vertex, or a leaf. 
We denote by 7r„ the partition of Uy induced by the branching at v: 

T^v = {Uu, \ i = l,2,... ,k}, 

each Uy. being the set of leaves of the tree 7^. , if Vi is an internal vertex, and C/„^ = {vi} if not. 
For a species M having the form 

M = X + M2+ , 

the species of M-enriched Schroder trees is the solution to the implicit equation 

Tm = X + M2+{Tm) (17) 

Using (I17p . we obtain the following recursive description J^mIU]. If U is an unitary set, the only 
tree in Tm[U] consists of only one leaf labelled with the element of U (the singleton- leaf tree). 
If the cardinal of \U\ > 2, an element ^ of J-m[U] is a pair ({=3^}_B(=7rr) '^r), where for each B 
in the partition vr^, G J^m[B] and G M2+[TTr]- Iterating this recursive description we get 
an explicit expression of the set Tm [U] ; 

Tm[u] = x[u]+ {r}x J] M2+K]. 

In other words, a tree 3^ in Tm[U] is a Schroder tree T G T[U] together with a structure 
m„ G M[7rt,] for each internal vertex v G Iv(T) = lv(.'^) (see Fig. [5]). 

If {M,r]) is a set operad, for a tree in ??(=;7) is the element of M[U] obtained 

by applying the operad product recursively on each level of the tree. In this way, if ^ is the 
singleton-leaf tree, is equal to the singleton structure in A-I[U]. Otherwise, ^ is of the form 
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M. 



2+ 



Figure 5: M-enriched Schroder tree 

({=%}-BG7rr) "^r)) where rrir is the structure attached to the root and {£^B}Benr is the assembly 
of smaller trees whose roots are the sons of r. We define by 

Vi^)=V{{v{^B))}Benr,^r)- (18) 

The previous recursive procedure can be replace by any other that systematically apply the 
products on each internal vertex of the tree, finishing with the root. By associativity of the 
operad product the result will be the same. 

Theorem 1. The antipode S of Mm is as follows: for a € T(M2+), 

(l if a = • 

= 1 E .^e-FM (-1)1^^(^)1 n.eiv(,^) Urn.) Otherwise. (^9) 

where m is an M-structure of type a. 

Proof. Denote by if : K[ta ■ a G T(M2+)] — ?> K[ta ■ a € T(M2+)] the algebra homomorphism 
defined by the right hand side of Eq. (I19p . If we denote by • the type of the singleton structure 
of M, by definition ip{t,) = (p{l) = 1. For a 7^ •, by the recursive definition of rj, 



v{t^) = E n(-i)"'^^'^' n (20) 

T{mr)^T{m) 

= E i-^)Um.)U E (-1)'^^^"^^^' n M"..) (21) 

■q{a,mr)=m B^iTr rj{T B)=mB i'Glv(Tfl) 

T(mr)^r(m) 

= E (-l)*T(m,) n '^(^^("ifl)) (22) 

r]{a,m,r)=m B^iTr 

T{mr)jtT{m) 

= - E Umr)^{tT{a))- (23) 
ri(a,Tnr)='m 

Hence, (99 * I){ta) = (e o e){ta), and then ip = S. □ 
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As an example of this formula, we compute, in the Hopf algebra M<^^ the antipode of the 
almost complete graph — e (see Fig. [6|) 




Figure 6: Schroder trees in the antipode formula for Ki^ — e in 7V^^ 
4.1 Weights and algebra maps 

Let M be an arbitrary connected with |M[1]| = 1 and A a IC-algebra. An algebra map 

w : ¥\ta, : a G T(M2+)] ^ A 

is called a weight on M and the pair {M,u), denoted by M'^ , a weighted species. For a finite 
set U, the inventory of M'^p], \M[U]\ui, is defined to be 

\M[U]l= Yl ^(Um)) (25) 

m£M[U] 
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This definition of weight and weighted species agrees with that given in [2| if we add the 
extra requirement that the structure of M[l] has weight 1. 

The generating function M^(x), a formal power series with coefficients in A, is defined by 



M^{x) = x + f2\M[n]\oj^. (26) 



n=2 



Since the number of structures of type a in M[n] is equal to 



aut(o) ' 



n=2 \QGT(Af)[n] ^ ^ J 

Let M^'^ and A^'^^ be two ^-weighted positive species. The substitution M^^{N^'') is defined 
as the weighted species {M{N),u}3), UJ3 defined by 

W3(ir(a,m)) = ^^2 (iT(a) ) • ^1 (m) = J| (^2(^(713)) ■ ^litrim)) , (28) 

Ben 

(a,m) = {{nB}Be-K,n^) being an arbitrary structure of M{N). 

The generating series as in Eq. (|27p will be called M-series with coefficients in A. 

Generating series transform the set theoretical operation of substitution into substitution of 
formal power series (see [2j): 

M^^{N'^^){x) = M'^^{N'^-'{x)). (29) 

When {M,r]) is a set-operad, the structure of Hopf algebra on K[ta ■ a £ T(M2+)] provides 
the set of algebra morphisms Al(]K[tQ, : a G T{M2+)],A) with the standard group structure 

{Ui *UJ2){ta) = {fJ-O {UJI®UJ2) o A){ta) = ^ Wi (t^(a) ) .a;2 (tr(m') ) ' (30) 

T]{a,m')=m 

II being the product of A. Recall that the identity of this group is o e. The following 
proposition establishes an interesting link between substitution of formal power series and the 
group structure of K\{K[ta ■ a G T(M2+)],^). 

Proposition 1. For a set-operad {M,r]) and two ^-weights on M, oji, UJ2, we have 

M^^{M'^2){x) = M^2*'^i(^)^ (31) 

Proof. We only have to prove that for every n, \M[n] |(^2*wi = |M(M) [n] {^^^ , 0J3 the weight defined 
as in Eq. (US]). 



|M[n]|^2*a;i = ^ (W2*wi)(m)= ^ ^ UJ2{tr(a)) -^litrim')) (32) 

r?iGA/[n] mS:M[n] r]{a,m,')=m, 

XI U2{tria))-^l{trim')) = \M{M)[n]l, (33) 

{a,m')eM{M)[n] 



□ 
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The previous proposition can be reformulated as follows: 

Proposition 2. For a set-operad {M,ri), the M-generating series with coefficients in A form a 
group with respect to the operation of substitution. This group is anti-isomorphic to the group 
of algebra maps Al(]K[tQ, : a G T{M2+)],A). 

It is a generalization of proposition in [TT] , that relates the Faa di Bruno Hopf algebra with 
the substitution of exponential formal power series. 

Let us denote by the substitutional inverse of the generating series f{x). From 

the previous proposition we obtain the corollary 

Corollary 1. Let / be de identity morphism of K.[ta '■ a G T(M2+)], and S the antipode. Then 

{x) = {M^ {x))^-^l (34) 

More generally, for a weight a; on M, 

M'^°^{x) = {M'^{x))^-^l (35) 

Prom the corollary, since M^{x) = x + M^+{x), M^{M^{x)) = M^{x) + M^+{M^{x)) = x, 
and then M^{x) satisfies the implicit equation: 

M^{x) = x- mI+{M^{x)) =x + M^^{M^{x)). (36) 

From this implicit equation we can recover our antipode formula of Theorem [H 



5 Antipode Formulas 
5.1 Faa di Bruno 

For the Faa Di Bruno Hopf algebra Mej^ (Example [T]) , A^;,^ is the map 



^E+{tn) = 



n! 



1 ii+2j2+3j3+---=n 

\ ji+i2+---=fc 



Jl 



!2!-?2j2!3!-?3j3! . . . ^ ^ 



(g) tk 



I 



-Bn,A:(l,i2, ^3; ■ ■ ■ ,tn) tk 



(37) 
(38) 



where 



Bn,k{tl,t2, ■ ■ ■ ,tn) = ^ t 



B\ 



7ren[n] -BGtt ji+2j2++---nj,i=n 
\-n-\=k ji+j2+---jn=k 



J.31J.32J.3Z 

L-\ Lry Ln • 



i!2p-2i2!...n!J"j„! ^ ^ a 
is the partial Bell polynomial. Me+ is the Faa Di Bruno Hopf algebra. The series 



n=2 
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represents a generic exponential delta power series, and 

n=2 

its substitutional inverse. Then, having a formula for the antipode is equivalent to have a 
Lagrange inversion formula (see jllj). In the following proposition was proved: 

Proposition 3. Let be a delta species. Consider the set J~]^\n] of A^-enriched Schroder 
trees with leaves {1,2, and k internal vertices. There is a bijection Tp between T^\n] and 

the set 7fc(-A^2+)['^ + A; — 1] of /^-assemblies of A''2+ -structures over the set [n + k — 1]. 

Remark 1. The bijection of above generalizes that obtained by Haiman and Schmitt in |10j . 
From the construction in [7J it is easy to see that ip preserves the natural weights on J'^^^n] 
and 7fc ( A^2+ ) ['^ + ^ ~ 1] respectively. More precisely, let uii be the weight on T^^\n\ assigning to 
each tree T the monomial ni;Glv(T) ^T{my)j ^ind U2 on ^^[N2+ ) [n + /c — 1] assigning the monomial 
^T(a) to each assembly a. Then, 

W2(V'(T))=^i(T)), 

for every tree T € J^^'' [n] . 

Prom the previous proposition and remark we get: 

T&Te^ N i)Glv(T) 

r)(T)={[n]} 

n-1 

= E E (-1)'^ n ^i-i 

n-1 

= E(-i)' E n^iBi (39) 

k=l 7rG7fc(_E2+)[n+fe-l] -BeTT 

n-1 

= E(-l)'=5„+fc_i,,,(0,t2,t3,-)- (40) 
k=l 

This is the antipode formula obtained by Haiman and Schmitt in [lOj. 

We now study more readable forms of the antipode for the natural Hopf algebras corre- 
sponding to the operads E' , '^c, ^ , s^L-, '^c ■ The latter three examples being cases of the family 
of operads N being a monoid. All these antipodes are obtained from our general formula 
by using essentially the same technique. The depth of an internal vertex of a Schroder tree is 
defined to be the number of vertices in the path to the root (including the vertex itself). The 
technique is this: color the internal nodes of the corresponding trees in formula ([T]) with its 
depth, beginning with the root which is colored 1. Each internal node instructs to carry out a 
product of the operad, until a final result is obtained, after doing all the products and finishing 
with the root. Since all those examples of operads are graphical (graphs with some extra added 
structure), the final result is some kind of graph, and each product in the construction of this 
graph is obtained by connecting some vertices with new edges. The Schroder tree is then codified 
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Figure 7: Isomorphism (p : Fx.M ^ ^l{m) 



in the resulting graph by coloring their edges, according to the color (the depth) of the internal 
node in which they were created. In this way more readable antipode formulas are obtained in 
all the above mentioned cases. Before doing that, we introduce the notion of prime structure on 
a set operad. 

Definition 1. A element m G M[C/] of an operad {M^rj) will be called a prime structure if 
it only can be factored trivially. More precisely, if m = r](a,m'^) then either a is the assembly 
of singletons, a = {•u}ueu, and m'^ is isomorphic to m, or a = {m} and m'^^y = {•u} is the 
singleton structure with label U. Clearly, the types of primes of a set-operad are the primitive 
elements of the corresponding Hopf algebra 

MU(ra)) = '^^U{m)+tr{m)®'^- (41) 

We recall the bijection between Schroder trees enriched with a species of the form XM, 
M a positive species, and the rooted trees enriched with the species L{M) of linear orders of 
M-structures (see [7]). This bijection cj) establishes an isomorphism between the species Txm 
and £^L{M)- It go6s as follows. An XM-enriched tree £^ € Txm[U] is a rooted tree where each 
internal node v € is decorated with an element of XM[TTy], 7r„ standing for the set of sons 

of V. So, at each internal vertex v, a preferred son p{v) is chosen and an element m„ is placed 
on the rest of them {m^ G M[tTv — {p{v)}])- By starting at the root of we can construct 
a unique path from the root to a leaf (the distinguished leaf of by letting the successor of 
an internal node be its preferred son. We shall call this path the main spine of Contract 
all the vertices in the main spine placing the leaf in to the root. We get that the fiber of the 
root becomes enriched with a tuple of structures in M{Txm), one for each internal vertex in the 
main spine. Then, apply the same algorithm recursively over all the remaining internal Schroder 
trees (see Fig. [7|). This correspondence is clearly reversible. 

To make evident the linear order on M-structures in each fiber of the rooted tree, we color 
them with the depth of the corresponding internal vertex of the Schroder tree. When M is a 
graphic species, the colors can be transported into the edges of the graph. 
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5.2 Pointed Faa di Bruno 



We call Me* the pointed Faa di Bruno Hopf algebra (Example [2]) . From the formula for the 
coproduct 

n 

^(ntn) = Bn,k{0, 2i2, 3t3, ■■■)^ ktk, (42) 

k=l 

Me* is isomorphic to the Faa Di Bruno Hopf algebra by identifying nt„ with the generator t„ 
oiNE+- 

We have the following identity between Bell polynomials: 

fi„,fe(0,2t2,3t3,4t4...) = Qfc!^n-fc,fc(t2,t3,i4...), (43) 

This identity is easy to prove: the left hand side is the inventory of pointed partitions on [n] 
with k blocks, none of cardinal 1. The right hand side is the same inventory, because there 
are (^) ways of choosing the distinguished elements of the blocks in each pointed partition, 
-Sn-fc,fc(^2) ^3) • • ■ ) is the inventory of ordinary partitions with k blocks, on the remaining [n — k] 
elements (giving each block B the weight t^^^j^i). Finally, k\ is the number of ways of placing 
the distinguished elements, one in each block of the ordinary partition. 
Then, from Eq. (H2]l . 



riL 



lAE'itn) = ^ (j^k\Bn-k,k{t2,h,t4 . . . ) (g) ktk- 

The generating function {E*)^{x) is equal to 

{E'Yix) =x + Y, ntn^ = ^ 1 + E V ^^^^ 

ra=2 ■ \ n=l ■ / 

By corollary [H nS{tn) is the coefficient of ^ in the inverse of {E')^{x). Since E*^ = XEj^^ 
Schroder trees in the antipode formula are elements of J-XE+ which is isomorphic via (j) to 

^L{E+y 

An element of £^h^e+)VA is a tree T on n vertices, whose fibers are enriched with tuples of 
sets. The sets form a partition vr of [n] — {r}, r being the root of T. These kind of trees are called 
ordered trees on partitions and were enumerated in [7, Corollary 3.2]. The number of such trees 
is (n)(^^ = n{n + l) . . .{n + k — 1) = {n + k — k being the number of blocks of vr. Each corolla 
decorating the original Shroder tree corresponds uniquely to a block of the partition plus the 
vertex where it is attached in T. Hence, i?„_i_fc(t2, ts, • • • ,in-i) is the inventory of the corollas 
associated to the blocks of the partition and we have 
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n-1 

nS{tn) = Y,{-l)''{n + k-l)kBn-i,k{t2,t3,U,...) (45) 

k=l 




Which is the classical Lagrange inversion formula. The relationship of the trees £^l{e+) with the 
classical Lagrange inversion formula was first pointed out in [5]. 

5.3 The family of Hopf algebras A((/^ 

. We study here the antipode for the Hopf algebras corresponding to the operad of A^-enriched 
rooted trees, N being a monoid. This gives us a family of Hopf algebras, the simplest of them 
being the cases N = E and N = L, giving rise respectively to the Hopf algebra of rooted trees 
and to the Hopf algebra of planar rooted trees respectively. Because of the isomorphism 

being the species of biconnected graphs, other distinguished (but not evident) member of 
the family is the natural Hopf algebra of pointed connected graphs which we study in a separate 
subsection. 

5.3.1 The antipode of A/^c^. 

Now we consider the case of the operad s^e = ■ Denote by a the species of (nonrooted) trees. 
Since is obtained by pointing a, jz/ = a' = X.a', the natural transformation (/) goes from 
^^^2+ ^L{v!j^)i the species of trees enriched with tuples of structures of a^- Each component 
of the tuple in the fiber of a vertex t> is a tree in o^, which together with v becomes a rooted 
tree. Coloring the edges of each of this rooted trees which are components of the fibers with the 
depth of the corresponding internal vertex we obtain what we call an admissible coloration. 

Definition 2. Let T be a rooted tree. An admissible edge coloration of T is a function from 
the set of edges of T, S'{T), to the set P of positive integers, that satisfies 
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Figure 8: A Schroder tree on and isomorphic admissible colorations 

1. There is at least on edge of color 1. 

2. c is weakly increasing in any path from the root to the leaves. 

3. The root of each connected component of the subgraph induced by edges colored i, i > 2, 
has at least one incident edge of color i — 1. 

The elements of £^L{a') then equivalently described as trees colored with admissible col- 
orations. The following diagram commutes 




(51) 

Where v is the forgetful transformation which erases the colors of the trees in ^L{a')- It can 
be easily checked by induction, verifying that contracting over the main spine without keeping 
track of the depth of internal vertices, is the same as applying the product ij iteratively all over 
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it (see Fig. [8]). Then we obtain the following antipode formula for the Hopf algebra A/"^. 

^(MT)) = En(-l)'"^^^^'*-("=W)- (52) 

c i>l 

Here c runs over all the admissible colorations of the tree T, adi) is the assembly of trees colored 
with color i. 

5.3.2 The general case =2^. 

We now extend this result to the general case £/j\f, which is a little more involved. 
Since = XN{.s^n), the bijection (j) is as follows 

The bijection (j) acts as the product of the operad but keeping the information of the depth of 
internal vertices in the original Scroder tree, and without performing the products v : N.N — )• N 
of the monoid. Hence, the elements of ^l{n+(.s^m)) what we call factored colored trees. A 
factored colored tree T^^ , is a structure with data: 

1. A rooted tree T, 

2. An admissible coloration c of T, 

3. For every color i in the image of c, the connected structures in ac{i) are A^-enriched trees. 
Denote by z7 the extension of the product : N.N N to L{N^) , 

u : L{N+) N, 

defined recursively as I7(n) = n, for n an element of C L(A+), and for k >2, 

V{ni,n2, . . . ,nfc) = i/(ni,I7(n2, ns, . . . ,nfc)). 

We further extend V over -i^^LiN+i-s/M)) applyiiig over the tuples of M-structures that enrich 
the fibers of the vertices of the factored colored tree T/v^ • This transformation is denoted by D. 
The following diagram commutes 




Then, we obtain the antipode formula 
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Figure 9: A graph with a cutpoint v and factorizations according with the selection of the 
distinguished vertex, v vq, and v = vq. 



Theorem 2. The antipode for the Hopf algebra A/Vjv is given by the formula 

SitriT^))= E n(-l)'"^^^'M«c«)- (54) 
!7(Tjv^)=r]vj>l 

The antipode formula for the Hopf algebra of planar trees A/"^^ , the case N = L, is as in Eq. 
(j52p . with the only difference that the admissible colorations have to be also weakly increasing 
from right to left. For example we have 

S{t^) = -t\ +t^t^ +t^t^ -t^, (55) 
the terms corresponding to the 4 admissible colorations: 

3U 21, 21, 11, 

2Vl 2V1 iM iM 

5.4 The Hopf algebra A/"^.. 

Recall that for a connected graph g, a vertex v is called a cutpoint if the graph g — v, obtained 
by deleting v, is disconnected. A nonseparable (or biconnected) graph is a connected graph that 
does not have cutpoints. 

The prime structures of the operad ^' are the pointed graphs {g, v) such that g is nonsepa- 
rable. We prove that in the following proposition. 
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Proposition 4. A pointed graph {g,VQ) £ ^*[^] ^ prime structure of if and only if g is 
nonseparable. 

Proof. Assuming that {g, vq) is not prime, let (a, {g'^, Bq)) G '^'W] be a non trivial factorization 
of {g,vo). Then, by the definition of r], every distinguished element u of a non singleton graph 
(gB^v) in a is a outpoint of g, because if deleted, it disconnects from g the rest of the vertices 
of gB- Conversely, we are going to prove that if g contains a outpoint, then there exists a non 
trivial factorization of (g, vq). Let v a outpoint of g. Then g — v splits in some k > 2 conected 
components gi,g2, ■ ■ ■ ,gk- If 7^ vq, chose one of them such that vq is not there. We choose gi 
assuming without loss of generality that vq is not in gi . Consider the graph gi + v generated 
in g by gi and v. Denote by Ui the set of vertices of gi + v. Let vr be the partition formed by 
singletons in U2 = U — Ui and only one 'big block' Ui, ir = {Ui} U {{u} \ u € U2}- Let a be 
the assembly with subjacent partition vr and whose structures are the singleton graphs on the 
elements of U2 and the pointed graph {gi + v,v) on Ui. Note that vq is in 1/2- Define g'^ to 
be the graph obtained by contracting to a point the subgraph gi + v in g. Let Bq = {vq} be 
the block of singletons containing vq. ri{a, {g'^,BQ)) is clearly equal to {g,vo). When v = vq the 
construction is similar, except that Bq is chosen to be C/i (see Figure ([9])). □ 

Recall that a biconnected component of a graph is a maximal biconnected subgraph. Two 
different biconnected components have at most one vertex in common (a outpoint), and they 
partition the edges of the graph. We denote by the species of biconnected graphs. The 
species of pointed graphs satisfies the identity 

^: = xEii^',i':^:)). (56) 

The reader can check details in [2^, sect. 4.2.]. Hence, ^' is isomorphic to the species s^e{^'^) of 
trees enriched with assemblies of i^^'Structures. Since E{^SS'^ is a monoid, £^e{2') is an operad. 
The reader may also check that and -s^b^sb'^ are also isomorphic as operads. Then, we can 
deduce the antipode formula for M^s' from the general one for Mj^^ (I54p . 

Definition 3. Let (^f, vq) be a pointed graph and let c : ^{g) ^ P be a coloration of the edges of 
g with colors in the positive integers P such that edges in the same biconnected component have 
the same color. Denote by a{i) = the assembly of subgraphs of g induced by the edges 

colored i. We say that c is an admissible coloring relative to {g, vq) if it satisfies the following 
conditions 

1. There is at least one edge colored 1. 

2. c is weakly increasing in any sequence Bq, Bi, . . . , Bn of biconnected components such that 
Bi-i and Bi share a cutpoint i = 1, . . . ,n, and vq € Bq. 

3. For i > 2 in the image of c, in every connected component gB of a{i) there is always one 
vertex vb which is also in a biconnected component of color i — 1. 

The vertex in the third condition is necessarily a cutpoint, since it is in two different 
biconnected components. Observe that as a consequence of the definition of admissibility, a(l) 
is connected graph that contains vq. Denote by a'{i) the assembly of pointed graphs obtained 
by choosing as distinguished element the cutpoint vb on each graph g^^\ a'{i) = {(5^'*' 
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Figure 10: Biyection between Shroder trees and admissible colorations in a pointed graph. 

i > 2. For the graph a(l) = gi, choose vq to be the distinguish element, a(l) = {gi,vo). By- 
condition 3, the image of an admissible coloration c is a segment [k] = {1, 2, . . . ,k} of P. 
Now, we give our combinatorial recipe for the antipode of A/^« . 

Theorem 3. Let {g,vo) be a pointed graph. The antipode S<^'{g,Vo) is given by: 

k 

S^.{g,vo)= J2 n(-l)''^*^^^'W»)- 

ceAc(g,vo) «=1 

where Ac{g,vo) is the set of admissible colorations on {g,vo). 

Before studying the antipode for 7V^^, we introduce the general notion of divisibility on 
assemblies of M-structures, M being a set operad. A set-operad (M, r]) is called a c-operad 
(cancellative operad) if it satisfies the left cancellation law [151 El [E] , 

r/(a, m) = r]{a, m!) m = m' . 

All the examples of operads treated in this article are c-operads. The natural transformation 
1] : M{M) M can be extended by substitution with the identity of E, to 

r] : E{N{N)) E{N). 

The elements of E{M{M)) are pairs of assemblies of M-structures (02,02), where 02 is an 
assembly over the partition subjacent to ai. 
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Definition 4. Let ai and 02 be two assemblies of M-structures over the same set U. We say 
that ai divides 02 if there exists a third one such that 

r]{ai,a'2) = 02- 

We denote this divisibihty relation by oi 02, and by 02/01 the assembly 02- It is unique 
because of the left cancellation law. The relation is a partial order over the set E{M)[U]. 
We denote this poset by Pm[U] [T71[T5] . 

5.5 The Hopf algebra 

The notion of module of a graph [3j plays an important role in the Hopf algebra structure of 

Definition 5. Let g he a connected graph, and B a subset the set U of vertices of g. The 
graph gs generated in ghy B is said to be a module of g if every vertex v inU — B, connected 
to some vertex in B, it is connected to every vertex in B. 

Let gi be the assembly of connected graphs formed by the union oi gs and the singleton 
graphs corresponding to the vertices 'm.U — B. It is easy to see that gs is a module of g if and 
only if gi divides g. The quotient g/gi is the graph obtained by contracting in g the block B to 
a point, 

• The vertices of g/ gi are the blocks of the partition whose only not singleton block is B. 

• The edges are either pairs of the form {{x}, {y}} with x,y U — B and {x, y} € S'{g), or 
of the form {B, {y}} with {x, y} € <S'{g) for some (all) x ^ B. 

The prime elements of are the connected graphs that do not have modules except the trivial 
ones. The primitive elements of A/"^^ are hence completely classified. 

Definition 6. Let c be a coloration of the edges of a connected graph 5 is a function from the 
edges of g to P. For i > 1 in the image of c, we denote by g{i) the subgraph of g obtained by 
deleting all the edges of color j , 1 < j < i. For i = 1, we make g{l) = g. 
The coloration c is said to be admissible if it satisfies 

1. For every i < 2 in the image of c, g{i — 1) divides g{i)- 

2. For every vertex v oi g, if there is an edge incident to v colored i, i > 2, then there is at 
least one edge of color i — 1 incident with v. 

Proposition 5. The antipode oi M's^ is given by 

ceAd(3) i 

where Ad((7) is the set of edge admissible coloration oig^ and \g{i — \)lg{i)'^ denotes the number 
of non-singleton connected components of g{i — l)/g{i). 



23 




112 1 



Figure 11: Example of admissible colorations on a graph. 

Proof. We are going to codify the trees in the general formula ([T|) into admissible colorations. For 
a Shroder tree =fF such that rji^) = g, we color i the edges obtained when applying the products 
on ^ corresponding to vertices of depth i. The coloration c so obtained satisfies condition [1] 
because the non-singleton connected components of g{i) are the graphs where v runs over 

the internal vertices of ^ of depth i, and is the sub-tree of the descendants of v. By the 
recursive definition of rj, 

g{i-l) =rj{g{i),{gy\d{v) =i-l}), 

{gy\d{v) = i — 1} being the graphs enriching at depth i — 1. Condition [2] is satisfied because 
each internal vertex of depth i, i > 2, is the son of a vertex of depth i — 1 which has at least two 
sons. The reverse construction is as follows. Place at the root of the tree the graph g(l)/g{2), 
then create \g{2)\'^ vertices and edges connecting them with the root. Use the non-singleton 
connected graphs of g{2)/g{3), to enrich the newly created |g(2)|* = |g(2)/g(3)|* vertices with 
the non-singleton connected components of g{2)/g{2>). This procedure continues recursively on 
each of those vertices as roots until we reach g{k), k being the maximum of the image of c, and 
finish by placing the non-singleton components of g{k). Condition [2] assures that all the internal 
vertices of the tree obtained in this way have at least two descendants. □ 

For example, the antipode in formula (I24p is readily computed from the admissible colorations 
in Fig. dH 

6 The natural reduced incidence Hopf algebra 

We now make a brief sketch of the construction in [15j of the natural reduced incidence Hopf 
algebra. When M is a c-operad, the natural Hopf algebra can be obtained as a reduced incidence 
algebra from the family of intervals Intj\/ of the family of posets P^f[U], U a finite set. Those 
intervals are of the form [01,02], oi and 02 a pair of assemblies of M-structures over the same 
set. The family Intju is (module poset isomorphism) closed under poset product and by taking 
subintervals (in the terminology of [18], it is a hereditary family). 
We define the equivalence relation ~ in IntA/ by, 

[01,02] ~ [a'i,a2] iff r(o2/oi) = r(o2/o'i). (58) 

Then, every interval in IntM is equivalent to one of the form [0, a]. The types of the intervals can 
be identified with isomorphism types of assemblies of M-structures, and hence with monomials 

[0,0] = Yl K{mB)- 
Ben 

The equivalence relation ~ is order and poset product compatible (a Hopf relation). According 
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to Schmitt [H], the algebra generated by the types , IC[tQ|a E T(M)] has a structure of bialgebra 
with coproduct and counity 

A(t,(„)) = A[6,{m}]= Yl [0,a]®[a7W] 

= XI [0,a](g)[6,{m}/a] = ^ U{a)(^U{m') 

6^7,a^,,{m} r]{a,m')=m 

Jl ifai = a2 
e([ai,a2j) = < ^, 

I (J otherwise. 

Identifying the type of the singleton intervals with 1, this reduced incidence algebra becomes 
a Hopf algebra, which is clearly isomorphic to Mm- In a similar way, the poset isomorphism 
relation on Intju gives rise to the standard reduced incidence Hopf algebra "Hn Since the 
relation ~ implies poset isomorphism, we have the epimorphism of Hopf algebras 

p:Mm ^ nM, 

P([6,a]) = [M, 
where the hat in the right hand side denotes poset isomorphism type. 

6.1 J\f^ and Hck- 

Denote by Hck the Connes and Kreimer Hopf algebra |6j. TicK, like 7V^, has as generators 
unlabelled rooted trees. Its identity 1 is thought of as the empty tree. We describe its coproduct 
by: 

Ac/^ (tr{T) ) = Yl (2)) ^^rinjl)), (59) 

bv 

where the sum of above is over all the bicoloring : V{T) — ?> {1,2} of the vertices of T, such 
that the subgraph generated by the vertices of color 1, Tfe„(l), is a sub-rooted tree of T. af,„(2) 
is the forest generated by the vertices of color 2. This description of the coproduct is equivalent 
to the usual one in terms of admissible cuts. 

Let Ti,T2, . . . , Tfc be a forest of trees in E{^)[U] for some set of vertices U. Denote by T = 
[Ti, . . . , Tfc] the labelled tree obtained by adding an edge from the root of each of the trees in 
the forest, to a vertex not in U, which becomes the root. Define B~{t^(j'-^) = tr(Tx)^T(T2) ■ ■ ■ ^T{Tk) 
and . . . tr(Tfc)) = *t{T)- 

In Theorem 6.11] an elegant proof of the isomorphism between the Hopf algebras 71^/ 
and HcK was given, based upon the universal property of the pair (Hck, B^). On the other 
hand we have the epimorphism P : Afj^/ 'H.si/, that composed with Chapoton-Livernet isomor- 
phism gives us the Hopf algebra epimorphism B~ = P : T~icK- Here we give a direct 
combinatorial proof of this fact. 

Proposition 6. The multiplicative extension of B^ is a Hopf algebra epimorphism, 

B- -.M.^^ ncK- 
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Proof. B obviously preserves identities and coidentities. Denote by A the coproduct of M^. 
We will prove now that B~ is a comultiplicative map, 

S~ (g) 5" o A = AcA' o B~. 

By multiplicativity of the maps involved, it is enough to prove that for every tree T 

{B- ® B- o A)(t,(r)) = AcK o 5"(ir(T))- (60) 

bmce B+ is the inverse of B when restricted to the vector space generated by the monomials 
Eq. ([60|) is equivalent to 

{B-^B-oAo B+)it,^T)) = AcK(t,(T)). (61) 

Observe that [T] is the planted tree obtained by attaching to T an extra vertex as root. Since 
B~^t^{rp-^ = ir([T])5 the right hand side of Eq. ([UT|) is equal to 

{B' ® B- o A)t,[T] = ^'*rKe(2)) ® ^"*r{[T],,{l))- 

be:^([T])^{l,2} 

The above sum is over the edge bicolorings 6e of [T] as in the Eq. (jl2p . There is a bijection 
between edge bicolorings of [T] and vertex bicolorings of T, 6e ^ K obtained from bf> by 
'moving up' the color of each edge to its endpoint vertex furthest from the root. We can easily 
check 

which finishes the proof. 

□ 
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